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LESSON-3

TRIGONOMETRIC FUNCTIONS

1. MEASUREMENT OF ANGLES

1. ANGLE

An angle is considered as figure obtained by rotating a given ray about its initial point. The
original ray (before rotation) is known as initial side and the final position of the ray (after rotation)
is known as terminal side of the angle, the point of rotation is known as vertex. The angle is said
to be positive or negative as the rotation is anti-clockwise or clockwise.

B Vertex Initial side
0 A

Terminal side

Terminal side

O

Initial side B
Vertex

(ii) Negative angle
(i) Positive angle
There are two methods used in measuring angles.
° Sexagesimal System (Degree Measure)

The measure of an angle will be one degree, if the rotation from initial side to terminal

(55

side is 360 of a revolution.
1 right angle =90 degrees (= 90°)
1 degree =60 minutes (=60’
1  minute =60 seconds (=607

° Circular System (Radian Measure)

One radian is the angle subtended at the centre of any circle by an arc of the circle
equal in length to the radius.
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2, RELATION BETWEEN DEGREES AND RADIANS S
Q
The angle subtended by a circle at its centre = 2n® =360°
= 1 radians = 180 degrees or ° = 180° R radian N
0 O
1° = [@) =57°16’
= T (Approx)
3. LENGTH OF AN ARC OF A CIRCLE
= Length of arc = (radius of the circle) x Q
(angle subtended by that arc at the centre of circle) S
arc PQ="" ifthe length of arc PS =1, o
I=r0 o) P
then
Example: Find the radian measure corresponding to —37° 30'.
3 -
Solution: L 60'=1° = 300 \2) = -37°30 2 2
—75° __2mn 75 =51

X =
3 360° = 21T radians = 2 360 2 radians 24 radians

Example: The minute hand of a clock is 10 cm long. How far does the tip of the hand move in
20 minutes ?
2n
Solution : The minute hand moves through 120° in 20 minutes or moves through 3 radians.
Since the length of the minute hand is 10 cm, the distance moved by the tip of the hand is

X@ _ 20m
given by the formula /=0 =10 3 3 cm.

2. TRIGONOMETRIC FUNCTIONS OF AN ANGLE

The six trigonometric ratios sine, cosine, tangent, cotangent, secant and cosecant of an
angle 6, 0° < 8 < 90° are defined as the ratios of two sides of a right-angled triangle with 6 as one
of the angles.
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Y
cosB = x, the x coordinate of P (0, 1)]|B
oo . P(x, y)

sinB = y, the y coordinate of P EQ©, y)

Y x 20 A’ 0 A(1,0)
tanb = X (-1, 0) o) -0 D(x,/0) X

X

—,y #0 P (x.-y)
coto = Y 0, -)[B’

l, x =0
sech = X

l, y =0

cosech = ¥

Angles measured anticlockwise from the initial line OX are deemed to be positive and
angles measured clockwise are considered to be negative.

e The range and sign of the trigonometric ratios in the four quadrants are depicted
in the following table.

In the second quadrant Y In the first quadrant
(Only sine and cosecant are positive) (All trigonometric ratios are positive)
x’ (0) X
In the third quadrant In the fourth quadrant
(Only tangent and cotangent are positive) (Only cosine and secant are positive)

Y'

1. TRIGONOMETRIC FUNCTIONS OF (-6)
sin(-6)=—sin®
cos(—0) = cosb
tan(-6) = -tan®

2, CIRCULAR FUNCTIONS OF ALLIED ANGLES

When 8 is an acute angle, 90° — 0 is called the angle complementary to 8. When 0 is
acute, 6 and 180° — 0 are called supplementary angles.

TABLE OF FORMULAE FOR ALLIED ANGLES

180° -0

180° + 6

360° -6

-0

90° -0

90° + 0

270° -0

270° + 6

Sin

sin@

- sin®

- sin®

- sin®

cosf

cosf

- cosO

- cosO
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Cos

- cosO

- cosO

coso

coso

sin®

-sin®

-sin®

sin@

Tan

—-tan®

+tan®

—-tan@

—-tan®

cotb

—cotO

coto

—cotf

H.Q 4/469 Vaishali GZB U.P

3. SOME IMPORTANT FACTS
(i) For any power n, (sin A)" is written as sin"A. Similarly for all trigonometric ratios.
(i) sinA + cos?A = 1; 1 + tan?A = sec?A and 1 + cot’A = cosec?A.
(iii) |sinA|<1 = -1<sinA<1
|cosA| <1 = -1<cosA<1
(iv) The trigonometric ratios are also called as trigonometric functions. They are also
sometimes called circular functions.
ANGLE
0° 30° 45° 60° 90°
RATIO
sine 0 172 142 V312 1
cosine 1 J37/2 1/2 112 0
tangent 0 1/4/3 1 J3 undefined
cotangent undefined J3 1 1/ J3 0
secant 1 o3 2 2 undefined
cosecant undefined 2 J2 o3 1
Example: Evaluate: cos(-3030°).
Solution : cos(—3030°) = cos(3030°) (using cos(—6) = cosB) = cos(8 x 360° + 150°)
B
= c0s150° = cos(180° - 30°) = - cos30° 2
cos0=- 1
Example: Find the values of the other five trigonometric functions if 2
Solution : % cos B is negative in lind and llird quadrant only

In lInd quadrant sine and cosecant is positive and other trigonometric ratios are negative.

Now construct a right angle triangle with base BC = 1 and hypotenuse AC = 2

=  perpendicular AB =43
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Example:

Solution :

Example :

Solution :

2cot?0
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A
sinezﬁzﬁ cosecezﬂzi
= AC 2 o AB 3
2
AB BC 1
tang=-—=—-43 cotf=——=—-——
= BC v = AB V3
0
seco = _AC =-2 B 1 C
and BC
In Illrd quadrant only tangent and cotangent are positive and rest are negative
Sin6=—£ tanG:\/§, COtezi Cosece:_i
= 2, V3 seco=-2 g J3
. 37‘ ™ . 3n
sin| - -0 |cos| _+0| sin -0
( 2 j (2 J ( 2 j
sec(n+0
tan(’zt +B] ( )
Simplify:
(—cos0)(-sinB) (-cosH)
The expression = —cot6 (—sec) =-sin®0-cos® 0 =—(sin’0+cos®0)=-1 _

Prove that cosec*d(1 - cos*8) = 1 + 2cot?6.

cosec*d(1 - cos*8) - 2cot?0

cosec?0(1—cos® 0)(1+ cos? 0)

= sin? 0

—2cot?0

= cosec?0(1 + cos?0) -

= cosec?’® + cot’® — 2cot?0 =1 + 2 cot’@ - 2cot’0 = 1

3. CIRCULAR FUNCTIONS OF COMPOUND ANGLES

1. ADDITION AND SUBTRACTION FORMULAE

H.Q 4/469 Vaishali GZB U.P

cos(0 + @) = cosB cose — sinBd sing
cos(8 — @) = cosB cos@ + sinB sing
sin(0 + ¢) = sinBcos ¢ + cos Bsin ¢
sin(e - ¢) =sinfcos$—cosOsin¢

tan0+tan¢

tan(B * ¢) B 1-tanOtan¢
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tan(e : ¢)= tan6—-tan¢
. 1+tan6tan¢

cot(e + ¢) = M
. cot$+cot6

cot(e— ¢)= cotOcot¢+1
. cotp—cotO

8 9
Example: If sin@= 17 and cosp = 41, find sin(@ + B), cos(8 + B), sin(8 —B) and cos(6 —B), where
0 is an obtuse angle and B is an acute angle.
8 64 225
Solution : Sincesin= 17 cos?9=1- 289 289

15
cosb =+ 17’ As 0 is obtuse, cosB is negative.
_15
cos= 17
81 _ 1600
sin?B=1- 1681 1681
40
sinp=+ 41
As [ is acute, sinf3 is positive
40
Sosing =+ 41

_8 9 ( 15)40 72-600 528
a 17 )41 697 697

Now sin(6 + ) = sinB cosP + cosB sinf

CHRHAE-

cos(0 + B) = cosB cosp - sind sinp 17 \ 41 17 \ 41 697
RS-

sin(® - B) = sin cosp - cosB sing 17 A\ 41 17\ 41) 697

e
cos(6 — B) = cosB cosf + sin 6 sinf 1741 17)\41 697 .

Example: Show that €0s 0+ sin(270°+6)—sin(270°-6)+cos(180°+6)=0 _

Solution - LH.S. = COs+sin(270°+6)—sin(270° - 6)+ cos(180° + 6)
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— C0sO—cos6+cosb—cosO

=0=R.H.S.

MULTIPLE ANGLE FORMULAE

(a) Functions of 2A

(i) Sin2A = 2sinA cosA

(ii) cos2A = cos’A - sinPA=2cos’A-1=1 - 2sin’A
2tanA

(i) tan2A= 1-tan®A

(b) Functions of 3A

(i) sin3A = 3sinA - 4sin®A

(ii) cos3A = 4cos’A - 3 cosA

_3tanA-tan® A
(i) tan3A  1-3tan’A
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tan(n/4 + A) 2cosA + sinA + sin3A
¢ tan(m/4 - A)  2cosA —sinA -sin3A’

Example: Prove tha

1+tanA

1-tanA _(1+tanA)’> 1+tan? A+2tanA

1-tanA (1—tanA)2 1+tan® A-2tan A
Solution : LHS. = 1+tanA

2tan A
1+tan® A _1+sin2A
2tan A 1-sin2A

1+tan? A

1+

_2cosA+2sin2A.cosA  2cosA(1+sin2A)  1+sin2A
R.H.S. 2cos A-2sin2Acos A 2cos A(1-sin2A) 1-sin2A

Both sides reduce to the same result.

3. EXPRESSING PRODUCTS OF TRIGONOMETRIC FUNCTIONS AS SUM OR
DIFFERENCE

(i) 2sinA cosB =sin(A + B) + sin(A - B)
(i) 2cosA sinB =sin(A + B) - sin(A - B)
(iii) 2cosA cosB =cos(A + B) + cos(A — B)
(iv) 2sinA sinB = cos(A — B) — cos(A + B)
Example: Show that 8 sin 10° sin 50° sin 70° = 1.
Solution : L.H.S. =4 (2sin 50° sin 10°) sin70°
=4 {cos(50° — 10°) — cos (50° + 10°)} sin70°, using 2 sinA sinB
= 2{sin110° + sin30°} -2 sin70° since cos60° = 1/2.
= cos(A — B) — cos(A + B)
= 4(cos40° — cos60°) sin70°
= 2.(2sin70°. cos40°) - 4cos60° sin70°= 2sin70° + 2sin30° - 2sin70°
= 2sin30° = 1.

4, EXPRESSING SUM OR DIFFERENCE OF TWO SINES OR TWO COSINES AS A
PRODUCT

C+D Cc-D
sinC +sinD=2sin 2 2
C+D.s' Cc-D
sinC - sinD =2cos 2 2
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C+D Cc-D
.COS
cosC +cosD =2cos 2 2
cC+D . C-D
.sin
cosD - cosC =2sin 2 2

Example:

Solution :

sin7x - sin3x — sin5x + sinx

= tan2x.
Show that C€OS7X + cos3x — cos5x — cosx

Numerator = (sin7x + sinx) — (sin5x + sin3x)
= 2sindx . cos3x — 2sindx . cosx {using C.D. formula}
= 2sin4x (cos3x — cosx)

Denominator = (cos 3x — cos5x) — (cosx — cos7x)

= 2sindx sinx — 2sindx sin3x = 2sindx (sinx — sin3x)

_ COS3X—-COSX COSX-—-COS3X _ 2sin2xsin x

= tan2x.
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4. GRAPH OF TRIGONOMETRIC FUNCTIONS

Graph of y =sinx

1.
Domain: R
Range : [-1, 1]
Y
1
I N O AN L AN > X
_4n 3p~22n n ) B ™ 2n 3p~ 4n
2
y = sinx
Graph of y =cos x
Domain: R
Range : [-1, 1]
H.Q 4/469 Vaishali GZB U.P  www.eeeclasses.info 0120-4568775 ,9818949775


http://www.eeeclasses.info/

Class XI-E Rl PR

Trigonometric Function FAGE 15
Y
A
-37 —T )w\ T 3n > X
—4r " -2n 110, 2r 4n
2
y = cosx
Graph of y =tanx
R—{(2n+1)g:n el}
Domain :
Range : R
Y
A
2
1 K 3n
-7 2 2 ioxm >
_r 0] T
2 [
-2
y=tanx
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