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LESSON 4

DETERMINANTS

1. DETERMINANTS

1. EVALUATION OF DETERMINANTS
Determinants of second order:
a, b,

a, b,

Determinants of third order:
a b, c
1 1 1 b2 Cz
by ¢,

a G

)
a; C3 a; b;

a3 by ¢y . (i)
Note that each term of a second order determinant is the product of two quantities and
each term of a third order determinant is the product of three quantities.

2, MINORS

b, ¢, a, ¢,

The minor of a, in (ii)is I°* 3!, and the minor of by in (i) is 1% €2

3. COFACTORS
In (ii), the elements a,, b,, ¢, are multiplied by
b, ¢, a, C,| |a, b,
by ci|  |a; cs| |a; by

These expressions are called the cofactors of the elements a,, by, ¢;.

2 3 4
5 -2 1
2 3

Example: Evaluate the determinant A =
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Solution: Expanding along the second row, we have
3 4 2 4 2 3
A=- -2 -
23 M3 T 2l-_509-8-26-4-104-3)
=-5-4-1=-10.
Expanding along the third column, we have
A:45 —2_12 3+32 3
1 2 1 2 5 -2

=4(10+2)-1(4-3)+3(-4-15)
=48-1-57=-10.

2. PROPERTIES OF DETERMINANTS

1. If two rows in a determinant are interchanged, the sign of the determinant changes. For
a, b,
example, by interchanging the two rows of the determinant S ) , we get the determinant
a, b,
a, b,
a, b, a, b,
But we have | & bl o _ 18z b
2. If the numbers in one row are added, m times the numbers in another row, the value of the
determinant remains unaltered.
a;+tma, by+mb,| |a; by
For example, 2 b a b
This rule can be extended to more number of rows for higher order determinants.
3. If rows and columns are interchanged, the value of the determinant remains unaltered.
a; byl |a; a
For example, a by| [by b,

Another way of saying this is that it makes no difference if we reflect the numbers of the
determinant in the line of the principal diagonal. This means that any statement that can truly be
made about rows in particular results (1) and (2) can equally well be made about columns.

4, If all the numbers in any row are zeros, the value of the determinant is zero.
a, b, c,
0O 0 0|=0

For example, a by ¢

5. If two rows are identical, the value of the determinant is zero.
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a, by c
For example, a by ¢
6. If the elements of a row are multiplied by any number m, the determinant is multiplied by m.
ma, mb, mc, a, b, c,
a, b, <c¢,|=mla, b, c,
For example, a by ¢ a; by Cs
7. Row-Column Operations : The value of determinant remains unchanged when any row (or

column) is multiplied by a number or any expression and then added or subtracted from
any other row (or column).

b, b, by|=|b,+mb,—nb, b, b,
¢, C, Cy| |Cq+mec,—nc, C, Cy

i.e.
The above operation is written as C1 ™ C1+MC2 =nCs eans Ci s replaced by
Ci+mC, —nCy
1 a a?
1 b b?

1 ¢ ¢?
Example: Show that =(a-b)(b-c)(c-a).
2

1 b b?

C2

Solution: LetA=
If b is put equal to a, two rows are exactly alike.
J.A=0when b=a
.. (a — b) is a factor of A (This follows from the factor theorem which states that for f(x), if
f(a) = 0, then (x — a) is a factor of f(x)).
Similarly (b — ¢) and (¢ - a) are factors.
Again, A is of the third degree in a, b and c.

And we know already three linear factors (a — b), (b - ¢) and (¢ — a). If there is another
factor, it must be a mere number.

2

1 b b?
2

Thus K N (a-b)(b-c)(c- a), where N is a number.
By equating coefficients of bc? on both sides, N = 1
S.A=(a-b)(b-c)(c-a).

Alternative method:
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1 a a’
1 b b2
c c?
A=
Subtracting the second row from the first and then the third row from the second, we have
0 a-b a’-b? 0 1 a+b
0 b-—c b*-c? 0 1 btc
1 ¢ c? 2
A= =@a-by(b-c) | ¢ ©

Now expanding along the first column, we have
A=(a-b)(b-c)[(b+c)-(a+hb)]=(a—-b)(b-c)(c—a).

3. SUM OF DETERMINANTS

a, b, c d, b, c
Let A1= 82 b2 Cz Az = d2 bz Cz
a by C and ds by be two third order determinants in which
corresponding second and third columns are identical.
a,+d, b, c

Ay +A,=|a,+d, b, ¢,
Then a; +d; b; c,
This fact is evident if we expand all the three determinants in terms of column 1 and
compare the results.

Py G I
Similarly if A, =|a, b, ¢,
a; by c;

a;+py bi+qy cq+ry
A1+A3: 82 b2 Cz

then a3 b, Cs

Here we note that the corresponding second and third rows are identical.

di+e+f, dy+e,+f, d;+e;+f;
b, b, b,

Similarly the determinant 1 €2 Cs

Can be decomposed into the sum of three determinants
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d, d, d, e, e, e, f, f, f
by b, by|+|by b, by |+|b, b, b,
C; C, Cy4 C; C, Cy4 C, C, Cy4

It may be observed that the determinant

a;+by  c+d; e+,
a,+b, c,+d, e,+f,

d3+b  Ca+ds 65+ can be expressed as sum of 2 x 2 x 2 = 8 determinants.
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4. SYSTEM OF LINEAR EQUATIONS

THE SYSTEM OF TWO LINEAR EQUATIONS IN TWO UNKNOWNS
Consider the system of two linear equations in two unknowns:
aix+by=cy ax+by=c,

Solving the system we get the answer

c, b, a, ¢,
a, b
! b1 #0
Note: The given equations are consistent and independent if and only if a D
Example: Solve the system 4x + y = 13, 3x — 2y = 7 using determinants.
Solution: The solution requires the values of three determinants.
The denominator A is formed by writing the coefficients of x and y in order
.
A= 13 2l --g-3=-11
d;, the numerator of x is formed by replacing the coefficients of x by the constant terms.
13 1
d1 =
T 2l-_26-7=-33
d,, the numerator of y is formed by replacing the coefficients of y by the constant terms.
4 13
d2 =
3 71 -28-39=-11
d _
1 33 =3
Thenx= & 1
I
A 11

and
SYSTEM OF THREE EQUATIONS IN TWO UNKNOWNS

The following system of equations

ax+by+c,=0 : a,x+b,y+c, =0 : asx+bzy+cy; =0 is consistent

a; by ¢y
a; by c,

if
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Example: Find those values of c for which the equations
2x+3y =3;(c+2x+(c+4)y =(c+6) 4 (c+2Px+(c+4)P’y=(c+6) _
consistent. Also solve the equations for those values of c.
2 3 3
c+2 c+4 c+6 =0
2 2 2
Solution: The condition for consistency is (c+2)" (c+4)" (c+6)
-1 3 0
i.e. -2 c+4 2 =0
-2(2c+6) (c+4)*> 2(2c+10)
ie (=N{(c +4)(2c +10)—(c + 4)*} = 3{-2(2c +10) + 2(2c +6)} = 0
ie C2+8c+16-2c?-18c-40+12c+60-12c-36=0
ie. —€¢°-10c=0= (=0 or ¢c=-10
For ¢ = 0,the 3 equation are 2x + 2y = 3
2x+4y=6; 4x+ 16y =36
and the solution is x = -3 ; y = 3. For ¢ = =10, the equation are 2x + 3y = 3
-8x-6y=-4=4x+3y =2
e 1,4
64x—36y =16 = 16x+9y — 4 I

and the corresponding solution is
3. THE SYSTEM OF THREE LINEAR EQUATIONS IN THREE UNKNOWNS
Consider the system of three linear equations in three unknowns:
ax+by+ciz=p
aX+by+cz=q
axx+by+cz=r
The solution of the system may be expressed as

d, d, ds
X:—’y:—,Z:—
A A A where
a, by c p by c a p ¢ a by p
a, b, ¢ qg b, ¢ a q ¢ a, b,
A= |8 by ¢, d, = r by c4 d, a, r c, d,= a, by r

Note: The determinant A is formed by writing the coefficients of x, y, z in order while the
determinant appearing in the numerator for any unknown is obtained from A by replacing
the column of coefficients of that unknown by the column of constants.

4, CRAMERS RULE
Consider the system of n linear equations in n unknowns given by
814X+ 81Xy +oeeenn +a,, X, = b,
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Xy + 8y Xy + e +a,,X, =b,
8, Xq +8pp Xy + s +a,, X, =b,
ayy 8y ... ay,
D — a21 azz Y azn
Let a, @, ... a,
b,
Let D, be the determinant obtained from D after replacing the j™ column by b,
D, 2 D,
X1:_,X2:—, ...... ,Xn:
Then, if D # 0, we have D D D
Discuss D = 0 cases
Case (i)
If D = 0 and the other determinants D, = D, = ....... = D, = 0, then system of equation has
infinitely many solutions if all cofactors of D,, D,,....... ,D, and D are zero. If any one
cofactor of D,, D,, D5, ....... ,D, is non zero then system has no solution.
eg. Xx+3y+2z=1. 2x+6y+4z=5. 3x+9y+6z=9
Here Dy=b, =D, =D=0 yet system has no solution where as

X+3y+2z=1. 2x+6y+4z=2. 3x+9y+62=3 4 nfinitely many solutions.

Case (ii)

If D = 0 but any one of the D, D, ....... or D, is not equal to zero then the system has no
solution, hence is inconsistent.

5. THE SYSTEM OF HOMOGENEOUS LINEAR EQUATIONS

Eliminate and non-trivial solution: If the three equations (homogeneous)

ax+by+cz=0a,x+b,y+c,z=0andazx+ by +¢5;z=0 be considered then there

always exists a solution i.e., x =y =2z = 0. This is called the Trivial Solution.

If the three equations are to have a solution other than x = 0 = y = z, such a solution is
known as Non-Trivial solution, then the condition required for the existence of such a solution is
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a, b ¢
a; by ¢
Example: Let A and a be real. Find the set of all values of A for which the system of linear
equations:
Ax +(sina) y + (cosa) z=0
X +(cosa)y +(sina)z=0
-X +(sina) y —(cosa) z=0
has a non-trivial solution. For A = 1 find all the values of a.
Solution: The condition for the existence of non-trivial solution (trivial solutionis x =y =z =0) is
A sina cosa 0 sina(A+1) coso(1-21)
1 cosa  sina 0 cosa +sino  sina —cosa
-1 sina —coso| _ 0 i £ -1 sina — cosa =0
ie (A +1) sina (sino. — cosa) — (1—- L) cosa (cosa. + sina) _ 0
A(sin? o+ cos? o) + sin? o — cos? a — 2 sina coso. =0
, =2 sin (2(1 + Ej
I sin2a, + cos2a 4
<<
2
~2s1<42 for A =1,
sin| 2o+~ —i—sinE u
4 \/E . 200+ —=—
20+ Z=npn+(-1)"Z  2a=nn+(-1)"E-Z
General solution: 4 4. 4 4
If nis even, 2a = nmr
20=nn-=
odd, 2
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