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LESSON 8

DEFINITE INTEGRATION

1. GEOMETRICAL INTERPRETATION OF DEFINITE INTEGRAL

b
jf(x) dx
Let f(x) be a function defined on a closed interval [a, b]. Then a represents the
algebraic sum of the areas of the region bounded by the curve y = f(x), x-axis and the lines
X = a, x = b. Here algebraic sum means that area which is above the x-axis will be added in this
sum with + sign and area which is below the x-axis will be added in this sum with - sign.

4

I (2x —3) dx
Example: Evaluate: -1
e 2]
Solution: y = 2x — 3 is a straight line, which lie below the x-axis in 2 and above in 2

Now area of AABC= 2 2 4
1 5 25

—Xx—x5=—

Area of ACDE= 2 2 4
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2. FUNDAMENTAL THEOREM OF CALCULUS

da if(t) dt = f(x)

If f(x) is a continuous function on [a, b], then X2 (x € [a, b))
1

j‘ dx

o V2 - x2

.1 X
=8sin —+C

J‘ dx
Solution: V2 - x? V2

Example: Evaluate:

1 1
J 2d_Xx2 = sin1%0 = sin1[éj—sin1(0)
So 0
T o1
4 4
3. GENERAL PROPERTIES OF DEFINITE INTEGRAL
b g(b)
[fg 0 g (x)ax = [Fe)dt
1. a g(a)

?f(x)dx + ? g(x)dx = i(f(x) +g(x))dx
b b b
jf(x)dx - j f(t) dt = j f(y)dy

jzf(x)dx = —i f(x) dx
a b

3
dx

Vax? +1

Example: Evaluate 2 X .

/:j‘ dx
2X\/4X2+1
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X = 1 dX = —d—2t
Put t = t

. S
172 ¢2 [q ,i2+1 112 VA -+t
So )\t

1/2 1/2
I dt :In(t+v4+t2j In 3 17 +1
_ 3 V4 +t? 13 _ 2 (37 +1

1/3
2

b c c b
_[ f(x)dx = f f(x) dx + f F(X)dX + ooon. + J' f(x)dx
a c1

5 a Cnp
3
ﬂxz —1‘ dx
Example: Evaluate -2
3 = 1 3
HXZ —1’ dx = ﬂxz —1’ dx+‘ﬂx2 —1’ dx+‘”x2 —1‘ dx
Solution: - -2 -1 1
(Here modulus function will change at the points, when x> -1 =0 i.e.atx =% 1)
-1 1 3
/= I(xz —1)dx+J.(1—x2)dx+ (x% —1) dx
So ! 1 '
x3 - x3 1 x3 ’
———X| +X-—| +—-x
_ 3 > 3 » 3 .
_—1+‘I - —8+2 + ‘I—l - -1 1 + 2—7—3 - 1—‘1
- 3 3 3 3 3
2 2 2 2 2 28
—+—+—+—+6+—=—
= 3 3 3 3 3 3
b b
jf(x) dx =If(a+b—x)
6. a a dx
Jx dx
++9 -
Example: Evaluate 2 Vx X .
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7
/:J' X dx
1/9_
Solution: 2 o+ X (i)
/- j‘ V9 - x
2 VI—X +4/9-(9-x)
| = j.i ax
> Vo-x ++/x (i)
Adding (i) and (ii), we get
7 — 7 !
2/:]' Vx + 9-x dx Idx:x =7-2=5
A Ix +49-x  x+49-x % )
=2
So 2
a a
j' f(x) dx = j’ (F(x) +F(~x)) dx
7. -a 0
° dx
(1+e*) (1+ x?)
Example: Evaluate -3 .
[ f dx
(1+e*) (1+ x?)
Solution: -3
F(x :%
Here 1+e”)(1+x7)
X
F(—x) = L - ©
N (1+e™)(1+(-x)?) (1+e*)(1+x?)
1 1 e” 1
f(x)+f(-x)= + =
1+x2 [1+eX 1+6e” 1+ x2
V3
V2 [0} 1 T
I = j > =tan"" x =—
o 1+ x 3
So 0
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Tf(x) dx =if(x) dx + if(2a — x) dx
0 0 0

b 1
jf(x) dx =(b — a) j f((b —a)x + a) dx

Example:

Solution:

m
j‘ x dx
1+cos? x

Evaluate ©
I_I‘ x dx
= | —F—
01+cos X
I_I (r—x)dx [ (n—x)adx
O‘I+cosz(n—x) 01+coszx
Adding both, we get
zlzj._%
1+ cos” x
0
5[
2 J 1+ cos? x
= 0
/2 nl/2
_z J‘ dx +J‘ dx
2 ! 1+ cos? x 1+ cos?(n - x)
nl/2 n/2
_T, dx o ax
2 : 1+ cos? x 1+ cos? x
nj‘z sec? x dx
- 2 +tan? x
o <+ put tanx = ¢

e o]

7172

22

/:nT diz J_tan [j_]o_
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4. PERIODIC PROPERTIES OF DEFINITE INTEGRAL

a+np

1. If f (x) is a periodic function with period p, then 2

If f(x) is a periodic function with period p, then

j f(x) dx = (n - m)j f(x)dx, n,mel

mp
b+np
]' f(x) dx = I f(x)dx ,
3. If f(x) is a periodic function with period p, then a+"°
10m+2
3
I (sin x + cos x) dx
107+
Example: Evaluate 6
Solution: f(x) = sinx + cosx is periodic with period 21r.

g
10n+§ 2/3

| = j (sinx+cos x)dx = J (sin x + cos x) dx

10n+ % /6
Let 6
. n/3
= (sinx — cos x) e
V3 1l 1_£ _(3-1)
2 2 2

_[ f(x)dx =n j'f(x)dx, nel

nel

8. DEFINITE INTEGRAL AS THE LIMIT OF A SUM
J. f(x) dx—r!|m y (b;an[a+(b;ajrj

Example:

I|m|: 1 1 + 1 1 ]
Evaluate " LV4n? -1 J4n2—4 J4n? -9 3n? |
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. 1 1 1 1
L= lim + + o —_—
Solution: > Jan? -1 Van? -4 an? -9 3n?
n n
= lim L = lim 1 L
ot fapz _p2 "0F T Ja—(r1n)?
= lim v (1-0) !
n—o n 2
=1 _
' \/4 - (0 T r.(”)D
n , which is of the form
lim a f[a+r[b a}] f(x)= !
n—o 2
=1 .Here b=1,a=0and 4-x
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